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Abstract: We consider non-perturbative effects in the β-deformed N = 4 supersymmetric
gauge theory in the context of the AdS/CFT correspondence. We concentrate on certain
types of the n-point correlation functions of the Yang-Mills operators which correspond to the
lowest Kaluza-Klein modes propagating on the dual supergravity background found by Lunin
and Maldacena in [1]. In particular, we calculate all multi-instanton contributions to these
correlators in the β-deformed SYM and find a compelling agreement with the results expected
in supergravity.
1. Introduction
β-deformations of the N = 4 supersymmetric Yang-Mills define a family of conformally-
invariant four-dimensional N = 1 supersymmetric gauge theories. Remarkably, these β-
deformed theories mirror many non-trivial characteristic features of the N = 4 SYM, including
the S-duality, the AdS/CFT correspondence and the perturbative large-N equivalence to the
parent N = 4 theory, thus providing a continuous class of interesting generalizations of the
N = 4 SYM. One may expect that by studying properties of the β-deformed theories and, in
particular, the dependence of observables on the continuous deformation parameter β we can
understand better the gauge dynamics of this class of theories and of the N = 4 as well.
Dualities between gauge and string theories have been studied intensively for more than
three decades. The AdS/CFT correspondence formulated in [2–4] provides a concrete real-
ization of such a duality. In its original formulation, the AdS/CFT duality relates the string
theory on a curved background AdS5 × S5 to the N = 4 supersymmetric Yang-Mills theory
living on the boundary of AdS5. Understanding this duality in detail beyond the BPS and
the near BPS limits remains a challenge mainly due to the fact that one has to deal with the
weak-to-strong coupling correspondence.
The AdS/CFT duality extends to the β-deformed theories [1] where it relates the β-
deformed N = 4 SYM and the supergravity on the deformed AdS5 × S˜5 background. The
gravity dual was found by Lunin and Maldacena in Ref. [1], and this provides a precise formu-
lation of the AdS/CFT duality in the deformed case, which can be probed and studied using
instanton methods developed earlier for the N = 4 case in [5–8] and in [9–12].
Several perturbative calculations in the β-deformed theories were carried out recently in
[13–16] where it was noted that there are many similarities between the deformed and the
undeformed theories which emerge in the large number of colours limit. In particular, in
[16] it was shown that in perturbation theory there is a close relation between the scattering
amplitudes in the βR-deformed and in the original N = 4 theory. This correspondence holds
in the large-N limit and to all orders in (planar) perturbation theory. It states that for real
values of β all amplitudes in the β-deformed theory are given by the corresponding N = 4
amplitudes times an overall β-dependent phase factor. The phase factor depends only on the
external legs and is easily determined for each class of amplitudes [16]. It follows from these
considerations [16] that the recent proposal of Bern, Dixon and Smirnov [17] which determines
all multi-loop MHV planar amplitudes in the N = 4 superconformal Yang-Mills theory can be
carried over to a wider family of gauge theories obtained by real β-deformations of the N = 4
Yang-Mills.
The purpose of this paper is to consider non-perturbative instanton effects in the β-
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deformed theories and in the context of the AdS/CFT correspondence. The Lunin-Maldacena
example [1] of the AdS/CFT duality relates the large-N limit of the β-deformed N = 4 gauge
theory to the type IIB string theory on the appropriately β-deformed AdS5 × S˜5 background.
The β-deformed gauge theory is living on the 4-dimensional boundary of the AdS5 space. It
is expected that each chiral primary operator (and its superconformal descendants) in this
boundary conformal theory corresponds in supergravity to a particular Kaluza-Klein mode on
the deformed sphere S˜5. In this paper we will consider only the operators which correspond
to the supergravity states which do not depend on S˜5 coordinates, i.e. which are the lowest
Kaluza-Klein modes on the deformed sphere. Furthermore, to simply the derivations, we will
restrict ourselves to a particular class of such operators, considered previously in [5, 8], and to
the minimal in n classes of their correlators Gn.
Following the approach developed in Ref. [8], we will evaluate all multi-instanton con-
tributions to these correlation functions in the appropriate large-N scaling limit1 and to the
leading non-vanishing order in perturbation theory around instantons. We will show that these
correlation functions in the β-deformed N = 4 SYM are in precise correspondence with the
supergravity expectations. More precisely, we will be able to reproduce a class of leading higher-
derivative corrections to the supergravity effective action, Seff , from Yang-Mills instantons. In
particular, we will see that the multi-instanton contributions to Gn will reconstruct the appro-
priate moduli forms fn(τ, τ¯ ) present in the Seff . This is a particularly non-trivial observation
since the dilaton-axion τ parameter in the deformed supergravity solution is not anymore equal
to the complexified coupling τ0 of the gauge theory. The dilaton φ is, in fact, a non-trivial
function of the coordinates µi on the deformed sphere [1]
eφ = G1/2(β;µ1, µ2, µ3) · g
2
4π
(1.1)
Here g2 is the Yang-Mills coupling constant and G is the function appearing in the Lunin-
Maldacena solution in Eqs. (2.2)-(2.4) below. It will turn out, that in the β-deformed N = 4
SYM, a proper inclusion of instanton collective coordinates will effectively upgrade the usual
exponent of the k-instanton action e2πikτ0 into the required expression e2πikτ .
The rest of our findings parallels those in Ref. [8]. We shall find that in the appropriately
taken large-N scaling limit, the k-instanton collective coordinate measure has a geometry of a
single copy of the 10-dimensional space AdS5 × S˜5. We shall also observe that this k-instanton
measure includes the partition function of the SU(k) matrix model, thus matching the descrip-
tion of the D-instantons as D(-1) branes in string theory. In the Appendix we show that the
full Yang-Mills k-instanton integration measure in the deformed theory is equivalent to the
partition function of k D-instantons in the corresponding string theory where β-deformations
are introduced via star products.
1The large-N limit appropriate for the comparison with the supergravity solution of [1], will also require that
the deformation parameter β is kept small. Hence, starting from Section 5 we will take N →∞ and β → 0.
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In Sections 2-7 we consider the transformations with a real deformation parameter β = βR.
The generalization to the case of complex deformations is carried out in Section 8. That Section
contains the main results of the paper. There we explain how our instanton approach and the
matching between the supergravity and the gauge theory expressions found at real values of β
also apply for complex deformations.
The real-β-deformation of the N = 4 supersymmetric gauge theory is described by the
superpotential
ig Tr(eiπβRΦ1Φ2Φ3 − e−iπβRΦ1Φ3Φ2) , (1.2)
where Φi are chiral N = 1 superfields. The resulting superpotential preserves the N = 1
supersymmetry of the original N = 4 SYM and leads to a theory with a global U(1) × U(1)
symmetry (in addition to the usual U(1)R R-symmetry of the N = 1 susy) [1]
U(1)1 : (Φ1,Φ2,Φ3)→ (Φ1, eiϕ1Φ2, e−iϕ1Φ3)
U(1)2 : (Φ1,Φ2,Φ3)→ (e−iϕ2Φ1, eiϕ2Φ2,Φ3) (1.3)
It is known [15, 16] that (1.2) describes an exactly marginal deformation of the theory in the
limit of large number of colors.
The more general case of complex β-deformations will be discussed in detail in Section 8.
These deformations are characterized by the superpotential (8.1). The resulting deformed gauge
theory is an N = 1 supersymmetric gauge theory with a global symmetry (1.3). Importantly,
the complex β-deformation is exactly marginal if the parameters of the deformation satisfy a
certain condition – the Leigh-Strassler constraint [18]. For the real βR case this constraint is
trivial in the large N limit. Another important feature of the β-deformed gauge theory is the
SL(2, Z)s duality. It was pointed in [19] that under the SL(2, Z)s transformations, the coupling
constant and the deformation parameter β must transform as modular forms. Other aspects of
the β-deformed gauge theory have been studied in in Refs. [20–33].
2. Supergravity Dual
The gravity dual of the β-deformed N = 4 gauge theory was identified by Lunin and Maldacena
in [1]. The U(1)×U(1) global symmetry (1.3) of the β-deformed SYM plays an important roˆle
in this approach. One starts with the original AdS5 × S5 background and compactifies it on
a two-torus in such a way that the isometries of the torus match with the global U(1) × U(1)
symmetry in gauge theory. The idea [1] is then to use the SL(2, R) symmetry of type IIB
supergravity compactified along the two-torus to generate a new solution of the supergravity
equations. The SL(2, R) transformation acts on the complex parameter τ = B12 + i
√
g of the
3
original gravitational theory. Here B12 is the NS-NS two-form field along the torus directions,
and g is the determinant of the metric on the torus. The SL(2, R) acts on this torus τ -parameter
as follows
τ −→ τ
1 + βRτ
(2.1)
The geometry obtained in this way is (in the string frame) the product of AdS5 × S˜5, where
S˜5 is a deformed five-sphere. In what follows we write down only the part of the supergravity
solution which will be relevant for our purposes,2
ds2str = R
2
[
ds2AdS5 +
∑
i
(dµ2i +Gµ
2
idφ
2
i ) + γˆ
2Gµ21µ
2
2µ
2
3(
∑
i
dφi)
2
]
, (2.2)
eφ = eφ0G1/2 , (2.3)
G−1 = 1 + γˆ2(µ21µ
2
2 + µ
2
2µ
2
3 + µ
2
1µ
2
3) , γˆ := R
2βR , R
4 = 4πeφ0N (2.4)
The deformed five-sphere in the supergravity solution above is parameterized by the three radial
variables µi, which satisfy the condition
∑3
i=1 µ
2
i = 1, and the three angles φi.
The complete supergravity solution (which is valid for generic complex values of β) can
be found in the original paper [1]. In addition to the five-form field F5 already present in the
AdS5 × S5 geometry, the solution also includes the NS-NS two-form potential B2 and the RR
potential C2.
It is important to note that the dilaton φ is no longer constant, but depends on the coor-
dinates µi of the deformed five-sphere. The constant parameter is φ0 which has the meaning of
the dilaton of the parent undeformed solution, and it maps to the coupling constant of the dual
gauge theory. However, it is φ and not φ0 which plays the røle of the dilaton in the deformed
supergravity solution. The dilaton φ and the axion C are assembled in the standard way into
a complex τ
τ = ie−φ + C (2.5)
Equation (2.3) relates this τ to the complexified coupling constant of the dual gauge theory,
τ0 = ie
−φ0 + C =
4πi
g2
+
θ
2π
(2.6)
2As mentioned earlier we also restrict to real values of β = βR which was called γ in [1]. We will comment
on the complex deformations in Section 8.
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In summary, the dictionary between the parameters of the deformed Yang-Mills theory and
type IIB superstring theory on AdS5 × S5γ is as follows:
e−φG1/2 = e−φ0 =
4π
g2
, C =
θ
2π
(2.7)
R2 =
√
g2N (2.8)
and R is the radius of the AdS5 space in units of
√
α′. The supergravity background is a valid
approximation to string theory in the small curvature regime [1]:
R ≫ 1 , RβR ≪ 1 (2.9)
In terms of the gauge theory variables, the appropriate limit to consider is
g2N ≫ 1 , N ≫ 1 , βR ≪ 1 (2.10)
In the above, the N ≫ 1 condition arises from the fact that the SL(2, Z) duality can be used
to map large string couplings to values which are not large.
As is well known, the supergravity action of type IIB theory is invariant under the non-
compact symmetry group SU(1, 1) ∼ SL(2, R). The action of this symmetry leaves the metric
invariant, but acts upon the dilaton-axion field τ of Eq. (2.5)
τ −→ τ ′ = aτ + b
cτ + d
, ad− bc = 1, a, b, c, d ∈ R. (2.11)
The string theory is invariant only under the SL(2, Z) subgroup of the SL(2, R). This implies
that the string theory effective action SIIB must be invariant under the SL(2, Z) S-duality
transformation.
The string effective action SIIB is related via the AdS/CFT holographic formula [3, 4] to
correlation functions in the gauge theory,
exp−SIIB [ΦO; J ] =
〈
exp
∫
d4x J(x)O(x)
〉
(2.12)
Here ΦO are Kaluza-Klein modes of the supergravity fields which are dual to composite gauge
theory operators O. The boundary conditions of the supergravity fields are set by the gauge
theory sources on the boundary of AdS5 via ΦO(x) ∝ J(x).
Constructing all the Kaluza-Klein modes on the deformed five-sphere is a non-trivial task,
hence, in this paper we are restricting ourselves to the lowest Kaluza-Klein modes which do
not depend on the coordinates of the deformed sphere.
D-instanton contributions in supergravity arise as (α′)3 corrections [9] to the classical IIB
theory. The D-instanton contribution to an n-point correlator Gn comes from a tree level
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Feynman diagram with one vertex located at a point (x0, ρ, Ωˆ) in the bulk of AdS5 × S˜5. The
diagram also has n external legs connecting the vertex to operator insertions on the boundary.
There is a bulk-to-boundary propagator associated with each external leg [4,34]. For example,
an SO(6) singlet scalar free field of mass m on AdS5 has the bulk-to-boundary propagator
K∆(x0, ρ; x, 0) =
ρ∆
(ρ2 + (x− x0)2)∆ , (2.13)
where (mL)2 = ∆(∆− 4). At leading order beyond the Einstein-Hilbert term in the derivative
expansion, the IIB effective action is expected to contain [35], [9] an R4 term3
(α′)−1
∫
d10x
√−g10 e−φ/2 f4(τ, τ¯)R4 (2.14)
as well as its superpartners, including a totally antisymmetric 16-dilatino effective vertex of the
form [36, 37]
(α′)−1
∫
d10x
√−g10 e−φ/2 f16(τ, τ¯) Λ16 + H.c. (2.15)
The dilatino Λ is a complex chiral SO(9, 1) spinor which transforms under the local U(1)
symmetry with the charge qΛ = 3/2. Under the SL(2, Z) transformations (2.11) all fields Φ
are multiplied by a (discrete) phase,
Φ −→
(
cτ + d
cτ¯ + d
)− qΦ/2
Φ , (2.16)
and the charge qΦ for the dilatino is 3/2 and for the R field it is zero.
Equations (2.14)-(2.15) are written in the string frame with the coefficients fn(τ, τ¯) being
the modular forms of weights ((n− 4),−(n− 4)) under the SL(2, Z) transformations (2.11),
fn(τ, τ¯) := f
(n−4),−(n−4)(τ, τ¯) −→
(
cτ + d
cτ¯ + d
)n−4
f (n−4),−(n−4)(τ, τ¯ ) . (2.17)
The modular properties of fn precisely cancel the phases of fields in (2.16) acquired under the
SL(2, Z). Thus the full string effective action is invariant under the SL(2, Z) and this modular
symmetry ensures the S-duality of the type IIB superstring.
The modular forms fn have been constructed by Green and Gutperle in [35]. In the weak
coupling expansion the expressions for fn contain an infinite sum of exponential terms
e−φ/2 fn ∋
∞∑
k=1
const ·
(
k
G1/2 g2
)n−7/2
e2πikτ
∑
d|k
1
d2
, (2.18)
3Here, R4 denotes a particular contraction [35] of four ten-dimensional Riemann tensors.
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In the original undeformed N = 4 scenario, τ = τ0 and the modular forms fn in the string
effective action can be thought of as functions of the gauge coupling constants τ0 and τ¯0. In
this case, each of the terms in the expression above must correspond to a contribution of an
instanton of charge k. On the other hand, the k-instanton contributions can be independently
calculated directly in gauge theory. These calculations have been performed in [5, 6] at the
1-instanton level and in [7, 8] for the general k-instanton case. Remarkably, the SYM results
of [5–8] tuned out to be in precise agreement with the supergravity predictions for the effective
action Eqs. (2.14)-(2.18) and in Eq. (2.20) below.
The goal of the present paper is to attempt to reproduce these results in the β-deformed
case. Hence we want to interpret the sum on the right hand side of (2.18) again as coming from
multi-instantons in gauge theory. We see that, at least potentially, there is a puzzle in this
interpretation as the Yang-Mills k-instantons are expected to contribute factors proportional
to e2πikτ0 rather than to e2πikτ . In the rest of the paper when we perform an explicit k-instanton
calculation in the β-deformed SYM we will find the resolution of this puzzle.
The main object of interest for us are the n-point correlation functions of certain composite
operators in the β-deformed SYM. We can consider the same classes of the operators as in
[5,8,12] which correspond to the lowest KK-modes in supergravity. Specifically we will analyze
the gauge-invariant chiral correlators Gn, n = 16, 8 or 4, defined by:
G16 = 〈O(x1) · · ·O(x16)〉 , O := ΛAα = g−2σmn βα trN Fmn λAβ , (2.19a)
G8 = 〈O(x1) · · ·O(x8)〉 , O := B[AB]mn = g−2 trN
(
λAσmnλ
B + 2iFmnΦ
AB
)
, (2.19b)
G8 = 〈O(x1) · · ·O(x8)〉 , O := E (AB) = g−2 trN
(
λAλB + t
(AB)+
[abc] φ
aφbφc
)
, (2.19c)
G4 = 〈O(x1) · · ·O(x4)〉 , O := Qab = g−2 trN
(
φaφb − 1
6
δabφcφc
)
, (2.19d)
where t in Eq. (2.19c) is a numerical tensor. In the notation of Ref. [12] these correlators were
called the minimal ones. The non-minimal correlators Gn with higher n were considered in [12]
in the context of the original N = 4 AdS/CFT correspondence. In the present paper we will
concentrate on the minimal case above, and paying particular attention to the correlators in
(2.19a) and (2.19b).
The AdS/CFT holographic relation then predicts that these correlators must lead on the
supergravity side to the following expressions:
Gn ∼ (α′)−1
∫
d4x
dρ
ρ5
∫
Gd5Ωˆ tn e
−φ/2 fn(τ, τ¯)
n∏
i=1
K(x0, ρ; xi, 0) (2.20)
Here Gd5Ωˆ represents the volume form on the S˜5 and each K denotes the bulk-to-boundary
propagator which corresponds to each particular operator in (2.19a)-(2.19d). Various index
contractions between the n states (propagators) are schematically represented by a tensor tn.
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We want to verify the above relations using multi-instanton calculations in the β-deformed
SYM theory. As in Ref. [8] it will actually be sufficient for this purpose to concentrate on the
multi-instanton partition function. The correlators can be obtained from the latter by inserting
in it the operators calculated on the instanton solution.
3. Marginal β-deformations of N = 4 SYM
The β-deformed Yang-Mills is an N = 1 supersymmetric conformal gauge theory with a global
U(1)×U(1) symmetry (1.3). Lunin and Maldacena have pointed out [1] that the βR-deformation
in (1.2) can be understood as arising from introducing the star products between the fields in
the N = 4 Lagrangian,
f ∗ g ≡ eiπβR(Qf1Qg2−Qf2Qg1)fg (3.1)
Here (Qfield1 , Q
field
2 ) are the U(1)1×U(1)2 charges of the fields (f or g). The values of the charges
for component fields are read from (1.3):
Φ1 , λ1 : (Q1 , Q2) = (0 ,−1) (3.2)
Φ2 , λ2 : (Q1 , Q2) = (1 , 1) (3.3)
Φ3 , λ3 : (Q1 , Q2) = (−1 , 0) (3.4)
Am , λ4 : (Q1 , Q2) = (0 , 0) (3.5)
and for the conjugate fields (Φ¯i and λ¯i) the charges are opposite.
The component Lagrangian of the βR-deformed theory is easily read from the N = 4
Lagrangian
L = Tr
(
1
4
F µνFµν + (D
µΦ¯i)(DµΦi)− g
2
2
[Φi,Φj]∗[Φ¯
i, Φ¯j]∗ +
g2
4
[Φi, Φ¯
i][Φj , Φ¯
j ]
+λAσ
µDµλ¯
A − ig([λ4, λi]Φ¯i + [λ¯4, λ¯i]Φi) + ig
2
(ǫijk[λi, λj ]∗Φk + ǫijk[λ¯
i, λ¯j]∗Φ¯
k)
)
(3.6)
In the above equation the star products (3.1) are used for fields charged under the U(1)1×U(1)2.
We have also used the fact that the star product is trivial between two fields which have opposite
U(1)1 × U(1)2 charges. We have also introduced the βR-deformed commutator of fields which
is simply
[fi, gj]∗ := fi ∗ gj − gj ∗ fi = eiπβij figj − e−iπβij gjfi , (3.7)
and βij is defined as
βij = −βji , β12 = −β13 = β23 := βR . (3.8)
8
More generally, and for future reference we also define a 4 × 4 deformation matrix βAB with
A,B = 1, . . . , 4
βAB = −βBA , β4i = 0 , β12 = −β13 = β23 := βR . (3.9)
The component Lagrangian in the form (3.6) is well-suited for tracing the βR-dependence in
perturbative calculations and it was utilized in [16].
For carrying out multi-instanton calculations in the formalism of [8,11] it is more convenient
to switch to a different basis for scalar fields. We assemble the three complex scalars Φi into
an adjoint-valued antisymmetric tensor field ΦAB(x), subject to a specific reality condition:
1
2
ǫABCD Φ
CD = Φ¯AB , (3.10)
which implies that it transforms in the vector 6 representation of SO(6)R symmetry of the
N = 4 SYM. In terms of the six real scalars φa it can be written as [8]
ΦAB =
1√
8
Σ¯ABa φ
a , Φ¯AB = − 1√
8
ΣABa φ
a , a = 1, . . . , 6 (3.11)
where the coefficients ΣABa and Σ¯
AB
a are expressed in terms of the ’t Hooft η-symbols:
ΣaAB =
(
η1AB, iη¯
1
AB, η
2
AB, iη¯
2
AB, η
3
AB, iη¯
3
AB
)
, (3.12)
Σ¯ABa =
(− η1AB, iη¯1AB,−η2AB, iη¯2AB,−η3AB, iη¯3AB) (3.13)
Here η and η¯ are the selfdual and anti-selfdual ’t Hooft symbols [38]:
η¯cAB = η
c
AB = ǫcAB A,B ∈ {1, 2, 3},
η¯c4A = η
c
A4 = δcA, (3.14)
ηcAB = −ηcBA, η¯cAB = −η¯cBA.
The relation between the two bases of scalar fields is then given by
Φ1 =
1√
2
(φ1 + iφ2) = 2 Φ¯23 = 2Φ14
Φ2 =
1√
2
(φ3 + iφ4) = 2 Φ¯31 = 2Φ24 (3.15)
Φ3 =
1√
2
(φ5 + iφ6) = 2 Φ¯12 = 2Φ34
and their U(1)1 × U(1)2 charges can be read off (3.2)-(3.4)
4. Instantons in the β-deformed N = 4 SYM
In pure gauge theory, instantons obey the self-duality equation
Fmn =
∗Fmn (4.1)
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The ADHM k-instanton [39–41] is the gauge configuration, Am, which is the general solution of
(4.1) with the topological charge k. When gauge fields are coupled to fermions and scalars, as in
the N = 4 SYM, one needs to consider the coupled classical Euler-Lagrange equations instead
of (4.1). Instanton configurations then also include fermion and scalar-field components. Our
goal, however, is not just to find classical solutions, but rather to calculate their quantum
contributions to correlators Gn, which includes the effects of a perturbative expansion in the
instanton background. The way to take the leading perturbations into account automatically
is to modify the background configuration itself as explained in [8]; however, the instanton
supermultiplet is then no longer an exact solution to the coupled equations of motion. In
particular, k-instanton fermion components in the N = 4 SU(N) SYM are defined [8] to
contain all of the 8kN fermion zero modes of the Dirac operator, /¯Dα˙α and not just the 16 exact
unlifted zero modes. Similarly, in the β-deformed theory, the same total of 8kN fermion zero
modes will be included into the k-instanton supermultiplet, even though only 4 of them are
exact in the theory with N = 1 supersymmetry.
As a result, our strategy (see Section 2 of Ref. [8] and in Section 4 of Ref. [11] for more detail)
is to solve Euler-Lagrange equations iteratively, order by order in the Yang-Mills coupling. In
this paper we restrict our attention to the leading semiclassical order, meaning the first non-
vanishing order in g at each topological level. The relevant equations which define these leading
order instanton component fields are the self-duality equation (4.1) together with the fermion
zero-mode equation
/¯Dα˙αλAα = 0 (4.2)
and the equation for the scalar field, which for the β-deformed theory takes the form
D2ΦAB =
√
2 i ( λA ∗ λB − λB ∗ λA ) (4.3)
Here /¯Dα˙α = Dmσ¯α˙αm and D2 = DmDm where Dm is the covariant derivative in the instanton
background Am.
For convenience, in deriving classical equations above, we have rescaled all fields in the
Lagrangian with an overall factor of 1/g, so that the only g dependence in the action is through
the overall coefficient 1/g2. Hence, g does not appear on the right hand side of (4.3). The
explicit g dependence in the Euler-Lagrange equations can be trivially restored by undoing this
rescaling.
Equation (4.1) specifies the gauge field instanton component Am of topological charge
k. The second equation (4.2) defines gaugino components λA of the instanton. As already
mentioned, all 8kN adjoint fermion zero mode solutions of (4.2) are included in the k-instanton
supermultiplet. Only 4 of these modes are protected by the N = 1 superconformal invariance
of the theory and are exact zero modes. Remaining 8kN − 4 fermion zero modes will be lifted
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by interactions, this means that the instanton action will depend on collective coordinates of
these fermion modes.
The last equation (4.3) determines the scalar field instanton components ΦAB in terms
of the gauge-field and gaugino components. β-deformation affects only this equation and it
appears via the star product in the commutator on the right hand side. Apart from this
obvious modification in (4.3), all three equations (4.1)-(4.3) are the same as in the undeformed
N = 4 SYM of Ref. [8].
In order to evaluate correlators Gn in the SYM picture, one inserts the n appropriate gauge-
invariant operators under the integration
∫
dµkphys exp(−Skinst) where Skinst is the k-instanton
action and dµkphys is the collective coordinate measure.
The ADHM gauge-field and the gaugino components of the instanton are parameterized by
a set of collective coordinates. The scalar field is entirely determined in terms of Am and λ
A in
(4.3) and no new collective coordinates of the instanton are associated with ΦAB. In general,
there are 4kN independent bosonic and 8kN independent fermionic collective coordinates of a
k-instanton configuration in our model. The simplest way to define the collective coordinate
integration measure dµkphys is to consider an even larger set of instanton collective coordinates
which are not all independent, but satisfy certain algebraic equations – the ADHM constraints
(4.5).
These bosonic and fermionic collective coordinates live, respectively, in an (N + 2k)× 2k
complex matrix a, and in an (N + 2k)× k Grassmann-valued complex matrix MA, where the
SU(4)R index A = 1, 2, 3, 4 labels the supersymmetry. In components:
4
a =
(
wuiα˙(
a′βα˙
)
li
)
, MA =
(
µAui(M′Aβ )li
)
(4.4)
where both a′m (defined by a
′
βα˙ = a
′
mσ
m
βα˙) andM′Aβ are Hermitian k×k matrices. These matrices
are subject to the ADHM constraints:
tr2 (τ
ca¯a)ij = 0 ,
(M¯Aa+ a¯MA)
β ij
= 0 (4.5)
as well as to a U(k) symmetry
wiuα˙ → wjuα˙Uji , a′mij → U−1ik a′mkl Ulj , U ∈ U(k) , (4.6)
4We use notations of Refs. [8,11] throughout. The indices u, v = 1, . . . , N are SU(N) indices; α, α˙, etc. = 1, 2
are Weyl indices (traced over with ‘tr
2
’); i, j = 1, . . . , k (k being the topological number) are instanton indices
(traced over with ‘trk’); and m,n = 1, 2, 3, 4 are Euclidean Lorentz indices. Pauli matrices are (τ
c)βα where
c = 1, 2, 3.
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In the dilute instanton gas limit, the individual collective coordinates of the k far-separated
instantons are
xin = −(a′n)ii , (4.7a)
ρ2i =
1
2
w¯α˙iu wuiα˙ , (4.7b)
(tci)uv = ρ
−2
i wuiα˙ (τ
c)α˙β˙ w¯
β˙
iv , (4.7c)
where xin are positions, ρi are the sizes and t
c
i are the SU(2) generators of the individual
instantons i = 1, . . . , k.
The gauge field, gaugino and scalar field components of the k-instanton configuration which
solve equations (4.1)-(4.3) can be found in Ref. [8,11] for the original N = 4 SYM. The multi-
instanton components in the β-deformed theory are obtained from the N = 4 expressions
in [8,11] simply by applying the star products for all quantities charged under the U(1)×U(1)
symmetry.
This multi-instanton configuration gives rise to the k-instanton action
Skinst =
8π2k
g2
+ ikθ + Skquad . (4.8)
Here Skquad is a term quadrilinear in fermionic collective coordinates, with one fermion collective
coordinate chosen from each of the four gaugino sectors A = 1, 2, 3, 4 :
Skquad =
π2
g2
ǫABCD trk
(
ΛA∗B L
−1 ΛC∗D
)
. (4.9)
The k × k anti-Hermitian fermion bilinear ΛA∗B is given by5
ΛA∗B :=
1
2
√
2
(M¯A ∗MB − M¯B ∗MA) (4.10)
and L is a linear self-adjoint operator that maps the k2-dimensional space of such matrices
onto itself:
L · Ω = 1
2
{Ω, w¯α˙wα˙}+ [a′n, [a¯′n,Ω]] (4.11)
The expression for the k-instanton action in the N = 4 theory was first derived in [42] and
subsequently used in [8,11]. The only modification of this expression in the β-deformed theory
is the appearance of the star product between the fermionic collective coordinates in (4.10).
In general, the Grassmann collective coordinates MA and M¯A are so far the only parameters
appearing in the instanton configuration which are charged under the U(1) × U(1). Hence
the β-dependence is recovered from the N = 4 results by introducing the star products in
5The ∗-subscript in ΛA∗B is used to indicate that the right hand side of (4.10) contains the star-product of
the Grassmann collective coordinates M¯A and M¯B.
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expressions involving MA and M¯A parameters.6 In the original N = 4 theory, Skquad lifts all
the adjoint fermion modes except the 16 exact supersymmetric and superconformal modes. The
β-deformed theory lifts 8kN−4 fermion modes. The unlifted modes are the two supersymmetric
λαA=4ss and two superconformal modes λ
A=4
sc α˙ of the unbroken N = 1 supersymmetry.
Following Ref. [8], we now want to simplify Skquad by integrating in some new bosonic
parameters. The idea is to replace the fermion quadrilinear Skquad with a fermion bilinear
coupled to a set of auxiliary Gaussian variables. These take the form of an anti-symmetric
tensor χAB = −χBA whose elements are k × k matrices in instanton indices. We have
exp
(−Skquad) = π−3k2 (detk2L)3
∫
d6k
2
χ exp
[−trk (ǫABCD χAB LχCD)+4πig−1trk (χAB ΛA∗B) ]
(4.12)
The variable χAB transforms in the vector representation of the SO(6) ∼= SU(4) R-symmetry
and is subject to the reality condition χ†AB =
1
2
ǫABCDχCD
Next we turn to the k-instanton N = 4 collective coordinate measure. This measure in-
volves integrations over all bosonic and fermionic collective coordinates of the k-instanton, sub-
ject to the bosonic and fermionic ADHM constraints (4.5). These constraints are implemented
via insertions of the appropriate delta functions [43]. The k-instanton integration measure for
N = 4 SYM reads [8]:
∫
dµkphys =
2−k
2/2(C1)
k
VolU(k)
∫
d4k
2
a′ d2kN w¯ d2kNw
4∏
A=1
d2k
2M′A dkN µ¯A dkNµA
× (detk2L)−3
k2∏
r=1
[ ∏
c=1,2,3
δ
(
1
2
trk T
r(tr2 τ
ca¯a)
) 4∏
A=1
∏
α˙=1,2
δ
(
trk T
r(M¯Aaα˙ + a¯α˙MA)
) ]
.
(4.13)
The constant C1 is fixed at the 1-instanton level [8]
C1 = 2
−2N+1/2π−6Ng4N (4.14)
by comparing Eq. (4.13) with the standard 1-instanton ’t Hooft-Bernard measure [38,44]. The
integrals over the k × k matrices a′n, M′A and AAB are defined in (4.13) as the integral over
the components with respect to a Hermitian basis of k × k matrices T r normalized so that
trk T
rT s = δrs.
The complete instanton partition function,
∫
dµkphys exp(−Skinst), in the β-deformed gauge
6We note that ΛA∗B and ǫABCD ΛC∗D are oppositely charged under the U(1) × U(1) and hence the star
product is not needed on the right hand side of (4.9).
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theory is given by7
(C1)
k2−k
2/2π−3k
2
VolU(k)
∫
d4k
2
a′ d2kNw¯ d2kNw d6k
2
χ
4∏
A=1
d2k
2M′A dkN µ¯A dkNµA
k2∏
r=1
[ ∏
c=1,2,3
δ
(
1
2
trk T
r(tr2 τ
ca¯a)
) 4∏
A=1
∏
α˙=1,2
δ
(
trk T
r(M¯Aaα˙ + a¯α˙MA)
)
exp
[ − 8π2
g2
− trk (ǫABCD χAB LχCD) + 4πi
g
trk (χABΛA∗B)
]
(4.15)
We note that this expression differs from the original N = 4 result of [8] only through the star
product in the last term in the exponent. In the following Section we will see that this fact has
profound consequences.
In the Appendix we also give an alternative string theory derivation of (4.15). We show
there that our gauge theory expression (4.15) is identical to the partition function of k D-
instantons in string theory with the β-deformation.
5. The large-N saddle-point integration: 1-instanton case
We will first carry out integrations over collective coordinates in the simplest case of a single
instanton k = 1. The generalization to multi-instantons will be discussed in the following
Section.
One way to carry out the single-instanton calculation, is to first solve the ADHM constraints
(4.5), and then to integrate out the corresponding delta-functions in (4.15). The collective
coordinates (4.4) which satisfy the k = 1 ADHM constraints can be written in the simple
canonical form [6, 45]:
a =


0 0
...
...
0 0
ρ 0
0 ρ
−xm0 σm


, MA =


νA1
...
νAN−2
4iρη¯A1
4iρη¯A2
4ξA1
4ξA2


(5.1)
Here we follow the usual notation where ρ ∈ IR and xm0 ∈ IR4 denote the size and position
of the instanton, and ξAα and η¯
Aα˙ are the supersymmetric and superconformal fermion zero
7Note that (4.15) does not contain factors of detL; they cancelled out between Eqs. (4.12) and (4.13).
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modes, respectively. Equation (5.1) assumes the canonical ‘North pole’ embedding of the SU(2)
instanton within SU(N); more generally there is a manifold of equivalent instantons obtained
by acting on (5.1) by transformations Ω in the coset space Ω ∈ U(N)/(U(N −2)×U(1)). The
complex Grassmann coordinates νAi in Eq. (5.1) (which do not carry a Weyl spinor index) may
be thought of as the superpartners of the coset embedding parameters Ω. Together, ξAα , η¯
A
α˙ , ν
A
i
and ν¯Ai constitute 8N fermionic collective coordinates of a single instanton in the N = 4 SYM.
After integrating out the delta functions imposing the ADHM constraints, and integrating
over the instanton iso-orientations Ω, the instanton measure (4.15) for k = 1 reduces to:
∫
dµ1phys e
−S1inst =
2−31π−4N−5g4N
(N − 1)!(N − 2)!
∫
d4x0 dρ d
6χ
4∏
A=1
d2ξA d2η¯A d(N−2)νA d(N−2)ν¯A
ρ4N−7 exp
[− 8π2
g2
+ iθ − 2ρ2χaχa + 4πi
g
χABΛA∗B
]
(5.2)
The integral is expressed in terms of the collective coordinates (5.1) and we have substituted
the 1-instanton expression L = 2ρ2. The fermion bilinear in the 1-instanton case reads
ΛA∗B =
1
2
√
2
N−2∑
i=1
(
eiπβAB ν¯Ai ν
B
i − e−iπβAB ν¯Bi νAi
)
+ i8
√
2 sin(πβAB)
(
ρ2η¯A · η¯B + ξA · ξB) (5.3)
In the expression above we used the fact the products of Grassmann parameters with the Weyl
index ξA ·ξB := ξAαξBα and η¯A · η¯B := η¯Aα˙ η¯Bα˙ are symmetric in A and B. The 4×4 antisymmetric
matrix βAB was defined in (3.9).
It is worth noting that the second term on the right hand side of (5.3) is non-vanishing
only for non-zero values of the deformation parameter βAB. This implies that there are pre-
cisely four exact fermion zero modes in the β-deformed theory which do not enter (5.3): two
supersymmetric ones, ξ4α, and two superconformal η¯
4
α˙ modes. In the undeformed N = 4 theory,
all 16 supersymmetric and superconformal modes were absent from ΛAB and hence from the
instanton action.
However, even though only 4 out of 16 supersymmetric and superconformal modes are
exact, they will altogether be irrelevant for our purposes. The main point here is the fact that
we can choose such correlators that all 16 of these modes will be saturated by the instanton
expressions for the Yang-Mills operators inserted into the partition function (5.2). At the same
time we require that all of the remaining ν and ν¯ modes in the instanton partition function
should not be lifted by the insertions of the operators. For this to be correct, we first of all need
to restrict ourselves to the insertions of gauge invariant composite operators which correspond
to zero KK modes on the deformed sphere S˜5 in supergravity.8 Secondly, we have to restrict
8Insertions of the operators corresponding to non-zero KK modes would lift some of the ν and ν¯ modes, as
in the β = 0 case studied in [8, 12].
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to the minimal correlators (2.19a)-(2.19d) of these operators. In the case of 〈Λ16〉 correlator
(2.19a) and the 〈B8〉 correlator (2.19b) all of the 16 supersymmetric/superconformal modes and
none of the ν and ν¯ modes are lifted by the operator insertions.9 In summary, for our purposes
of calculating the minimal correlators in (2.19a), (2.19b) (and also in (2.19c), (2.19d) in the
small-β regime) one can always neglect the second term on the right hand side of (5.3), which
is what we will do from now on.
We can now start integrating out fermionic collective coordinates νAi and ν¯
A
i from the
instanton partition function (5.2). For each value of i = 1, . . . , N − 2 this integration gives a
factor of (
4π
g
1√
2
)4
det4
(
eiπβAB χAB
)
(5.4)
The determinant above can be calculated directly. It will be useful to express the result in
terms of the three complex variables Xi which are defined in terms of χAB in the way analogous
to Eqs. (3.15):
X1 = χ
1 + iχ2 = 2
√
2χ†23 = 2
√
2χ14
X2 = χ
3 + iχ4 = 2
√
2χ†31 = 2
√
2χ24 (5.5)
X3 = χ
5 + iχ6 = 2
√
2χ†12 = 2
√
2χ34
In terms of these degrees of freedom, the β-deformed determinant takes the form
det4
(
eiπβAB χAB
)
= (5.6)
1
64
(
(|X1|2 + |X2|2 + |X3|2)2 − 4 sin2(πβR) (|X1|2|X2|2 + |X2|2|X3|2 + |X1|2|X3|2)
)
It follows that the determinant depends only on the three absolute values of |X| and is inde-
pendent of the three angles. We can further change variables as follows:
|Xi| = r µi ,
3∑
i=1
µ2i = 1 (5.7)
and write (
4π
g
1√
2
)4
det4
(
eiπβAB χAB
)
=
(
π
g
)4
r4
(
1 − 4 sin2(πβR)Q
)
(5.8)
9For the non-minimal correlators involving higher values of n this is not the case anymore. At the same time,
even the minimal correlators 〈E8〉 and 〈Q4〉 in (2.19c)-(2.19d) can receive corrections from saturating some of
the ν and ν¯ modes by the operator insertions. This would then require one to keep (part or all) of the 12 lifted
supersymmetric/superconformal modes in the exponent. These corrections can in principle be straightforwardly
calculated in the small β-limit, which is the regime relevant for comparison with the supergravity. We thank
Stefano Kovacs for pointing this out to us. For more detail on the fermion-zero-mode structure of the operator
insertions we refer the reader to Ref. [12].
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where
Q := µ21µ
2
2 + µ
2
2µ
2
3 + µ
2
1µ
2
3 (5.9)
We also split the integral over d6χ in the partition function into an integral over r and the
integral over the 5-sphere Ωˆ:
∫
d6χ =
∫
r5 dr d5Ωˆ , where
∫
d5Ωˆ ∝
∫
dµ21 dµ
2
2 dµ
2
3 δ(
3∑
i=1
µ2i − 1) (5.10)
In summary after integrating out all of the ν and ν¯ fermionic collective coordinates we find∫
dµ1phys e
−S1inst =
g8
231π13(N − 1)!(N − 2)!
∫
d4x0
dρ
ρ5
d5Ωˆ
∏
A=1,2,3,4
d2ξA d2η¯A
e
− 8pi
2
g2
+iθ (
1 − 4 sin2(πβR)Q
)N−2
ρ4N−2 IN (5.11)
Here IN denotes the r integration, which it is instructive to separate out:
IN =
∫ ∞
0
dr r4N−3 e−2ρ
2r2 = 1
2
(2ρ2)−2N+1
∫ ∞
0
dx x2N−2 e−x = 1
2
(2ρ2)1−2N (2N − 2)! (5.12)
From Eqs. (5.11)-(5.12) one sees that the x0 and ρ integrations assemble into the scale-
invariant AdS5 volume form d
4x0 dρ ρ
−5 and also the integration over the 5-sphere arises from
d5Ωˆ. However, it also follows that the final result given by Eqs. (5.11)-(5.12) is so far unsat-
isfactory from the perspective of the supergravity interpretation. First of all, the χ variables
gave rise to the integration over the undeformed sphere S5. Secondly, the βR-dependent factor,
sin2(πβR)Q, is neither spherically-invariant (due to its Q-dependence) nor can it be easily as-
sociated with the deformed sphere S˜5. Finally, the exponent of the instanton action in (5.12)
is of the form e
−8pi2
g2+iθ = e2πiτ0 which is not of the form e2πiτ expected in supergravity.
Quite remarkably, all of these perceived problems of Eqs. (5.11)-(5.12) can be resolved by
taking the large-N limit and carefully specifying the appropriate order of limits procedure. We
will now describe this procedure in detail.
On the gauge theory side we have no choice but to work in the weak-coupling limit. To
justify working with the leading-order instanton and neglecting and infinite set of higher order
terms in perturbation theory in the instanton background, we must take the limit g2N → 0
and only after that impose the large N limit. In addition, so far we have been treating the β-
deformation parameter as an independent fixed constant. However, as we have seen in Section
2, the validity of the Lunin–Maldacena supergravity solution is restricted to the regime of small
β. We proceed with the Yang-Mills instanton calculation by taking the limits in the following
order:
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1. g2 ≪ 1 with N and βR being fixed
2. N ≫ 1 , β2
R
≪ 1
The second limit shall be taken in such a way that β2
R
N is held fixed. In fact, our Yang-Mills
results are more general than that and hold for any values of the parameter β2
R
N. It can be
shown that the derivation below holds for β2RN ≫ 1 and β2RN ≪ 1.
We now consider the factor
F := e− 8pi
2
g2
+iθ (
1 − 4 sin2(πβR)Q
)N−2
(5.13)
which appears on the right hand side of (5.11) and simplify it according to the limits above.
First, we replace the sin2(πβR) by (πβR)
2 which is justified since β2R ≪ 1. Next, we note that
in our limit
(
1 − 4 (πβR)2Q
)N−2 ∼ exp [N log(1− 4π2β2RQ)] ∼ exp [−Nβ2R 4π2Q] (5.14)
In the last expression above we have neglected the higher-order terms O(Nβ4
R
Q2) ∼ 1/N ≪ 1
which arose from the expansion of the logarithm.
This allows us to write down the F -factor defined in (5.13) as
F = exp
[
−8π
2
g2
+ iθ − Nβ2
R
4π2Q
]
= exp
[
−8π
2
g2
(
1 + 1
2
Nβ2
R
g2Q
)
+ iθ
]
(5.15)
We stress that the expression above is exact in the ordered weak-coupling–large-N–small-β
limit which we use in our semi-classical Yang-Mills calculation.
We now compare this F -factor arising from the Yang-Mills instanton in the weak coupling
limit to e2πiτ in the Lunin-Maldacena supergravity solution. We recall that τ is the parameter
which combines the natural dilaton and the axion of the deformed supergravity solution
τ = ie−φ + C := iτ2 + τ1 (5.16)
This τ is related to τ0 and hence to the SYM couplings via a non-trivial function G as follows
10
e−2πτ2 = e−2πτ02 G
−1/2
, τ0 =
2πi
g2
+
θ
2π
:= iτ02 + τ01 (5.17)
10The axion C or the Yang-Mills θ parameter are not changed by this transformation and the real parts of
the two τ ’s are the same τ1 = τ01. When working with instantons we will not pay attention to the θ parameter,
if required it can always be trivially restored in the instanton action.
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Here G is the function of the coordinates µi on the deformed sphere, and it also depends on
the deformation parameter γˆ
G−1 = 1 + γˆ2(µ21µ
2
2 + µ
2
2µ
2
3 + µ
2
1µ
2
3) , γˆ
2 = β2
R
Ng2 (5.18)
We now want to take the same weak-coupling–large-N–small-β limit of the supergravity
expressions (5.17)-(5.18). We find
e−2πτ2 = exp
[
−8π
2
g2
(
1 + Nβ2
R
g2Q
) 1
2
]
= exp
[
−8π
2
g2
− 4π2Nβ2
R
Q+ ∼ (Nβ2
R
)2g2Q2 + . . .
]
(5.19)
The linear inQ term is unaffected in the limit, while the quadratic term is negligible, (Nβ2
R
)2g2Q2 ∼
g2 ≪ 1. This gives
e2πiτ = F . (5.20)
From these considerations we conclude that the F -factor which arises from the Yang-Mills
instanton calculation in the semi-classical limit of the deformed theory is equivalent to the
corresponding supergravity factor e2πiτ of Eq. (5.17) in the Lunin-Maldacena background. For
this equivalence it is necessary to identify the µi coordinates of the instanton χ-collective-
coordinates defined in (5.7), (5.9) with the µi coordinates of the deformed S˜
5 sphere of the
Lunin-Maldacena background. This implies that the integration measure over the ‘angles of’
χa, or more precisely over the the 5-dimensional manifold Ωˆ in (5.10) should correspond to the
volume element on the deformed S˜5 sphere. This volume element ωS˜5 over the deformed sphere
S˜5 can be found from the Lunin-Maldacena metric. In the string frame we get∫
ωS˜5 =
∫
ωS5G (5.21)
where ωS5 is the volume element of the original 5-sphere, and G is given in (5.18).
We have seen above that when G−1/2 appears in the exponent weighted with the instanton
action, it gives rise to two terms in the semiclassical limit: the order-1 term and the order-Q
term. However, when G appears in the pre-exponent, as on the right hand side of (5.21), it is
indistinguishable from unity. Indeed,
G = (1 + g2NβRQ)
−1 = 1 − g2Nβ2
R
Q + . . . → 1 (5.22)
since g2Nβ2
R
Q ∼ g2 ≪ 1 and should be neglected. This amounts to identifying∫
ωS˜5 =
∫
d5ΩˆG →
∫
d5Ωˆ (5.23)
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For consistency we can also re-calculate IN in (5.11) in the large-N limit. First one rescales
r → √Nr, or equivalently, χa → √Nχa, so that N factors out of the exponent. The integral
then becomes
IN = N
2N−1
∫ ∞
0
dr r−3 e2N(log r
2−ρ2r2) , (5.24)
which is in a form amenable to a standard saddle-point evaluation. The saddle-point is at
r = ρ−1 and, to leading order, a Gaussian integral around the solution gives
lim
N→∞
IN = ρ
2−4NN2N−1e−2N
√
π
N
, (5.25)
which is valid up to 1/N corrections.
Our final result for the single-instanton partition function in the semi-classical large-N limit
takes the following simple form:∫
dµ1phys e
−S1inst →
√
Ng8
233π27/2
∫
d4x0 dρ
ρ5
d5Ωˆ
∏
A=1,2,3,4
d2ξAd2η¯A e−2πτ02G
−1/2+2πτ1
=
√
Ng8
233π27/2
∫
d10X
√−g10
∏
A=1,2,3,4
d2ξAd2η¯A e2πiτ (5.26)
where the integration over d10X
√−g10 is the integration of the 10-dimensional space which
corresponds to the Lunin-Maldacena background. This 10-dimensional bosonic integration can
be factored into the AdS5-part parameterized by the instanton position and the scale-size,
d4x0
dρ
ρ5
, times the 5-dimensional integration over the deformed sphere S˜5 parameterized by
d5ΩˆG → d5Ωˆ. The main feature of our 1-instanton result (5.26) is the appearance of the
complete dilaton-axion factor in the exponent, e2πiτ .
6. Multi-instanton large-N integration
In this Section we return to the general case of k instantons. Following the saddle-point
approach of [8] and also building upon the 1-instanton calculation of the previous Section, we
will evaluate the multi-instanton partition function (4.15).
The first step is to reduce the k-instanton measure to the SU(N)-gauge-invariant expression
[8]. The expression (4.15) can be simplified by transforming to a smaller set of gauge-invariant
collective coordinates (i.e., variables without an uncontracted ‘u’ index). In the bosonic sector
this means changing variables from {w, w¯} to the W variables introduced as follows:(
W α˙
β˙
)
ij
= w¯α˙iuwjuβ˙ , W
0 = tr2 (W ) , W
c = tr2 (τ
cW ) , c = 1, 2, 3 . (6.1)
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This enables us to reduce the number of bosonic integrations using the Jacobian identity is
proved in [8]:
d2Nkw¯ d2Nkw = ck,N
(
det2kW
)N−2k
dk
2
W 0
∏
c=1,2,3
dk
2
W c , (6.2)
where ck,N is a constant. An important feature of this change of variables is that it allows us to
eliminate the bosonic ADHM constraints [8, 43]. The ADHM constraints in Eq. (4.15), which
are quadratic in the {w, w¯} coordinates, become linear in terms of W
0 = W c + [ a′n , a
′
m ] tr2 (τ
cσ¯nm) = W c − i [ a′n , a′m ] η¯cnm . (6.3)
We therefore use Eq. (6.3) to eliminate W c from the measure together with the delta-functions
of the bosonic ADHM constraints. Furthermore, we note that as N →∞, the Jacobian factor
of (detW )N = exp(N tr logW ) in (6.2) will be amenable to a saddle-point treatment.
In the fermion sector, following [8,43], we change variables from {µ, µ¯} to {ζ, ζ¯, ν, ν¯} defined
by
µAiu = wujα˙ ζ
α˙A
ji + ν
A
iu , µ¯
A
iu = ζ¯
A
α˙ij w¯
α˙
ju + ν¯
A
iu , (6.4)
where the ν modes form a basis for the ⊥-space of w :
0 = w¯α˙iuν
A
ju = ν¯
A
iuwjuα˙ , (6.5)
In these variables the fermionic ADHM constraints in Eq. (4.15) have the gauge-invariant form
0 = ζ¯AW +W ζA + [M′A, a′] (6.6)
which can be used to eliminate ζ¯A in favor of ζA and M′A; doing so gives a factor which
precisely cancels the Jacobian for the change of variables (6.4).
Since the ν and ν¯ modes are absent from the constraint (6.6), they can now be straightfor-
wardly integrated out. First, we decompose ΛA∗B = ΛˆA∗B + Λ˜A∗B, where
(ΛˆA∗B)ij =
1
2
√
2
(
ν¯Aiu ∗ νBju − ν¯Biu ∗ νAju
)
, (6.7)
and
Λ˜A∗B =
1
2
√
2
(
ζ¯A ∗WζB − ζ¯B ∗WζA + [M′A , M′B]∗
)
. (6.8)
Second, we calculate
∫
d4k(N−2k)ν d4k(N−2k)ν¯ exp
(
4πi
g
trk(χABΛˆA∗B)
)
=
(
8π2
g2
)2k(N−2k) (
det4k e
iπβABχAB
)N−2k
(6.9)
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To simplify notation we introduce a notation qAB = e
iπβAB , so the determinant in (6.9) can be
written as11 (det4k qχ)
N . It too will contribute to the saddle-point equations in the large-N
limit, similarly to the (detW )N factor in Eq. (6.2). The third and final contribution to these
equations will be the Gaussian term χLχ in Eq. (4.15), once one rescales χAB →
√
NχAB
so that N factors out in front. Combining the above manipulations, we write down the final
expression for the SU(N)-gauge-invariant measure (cf. [8]):∫
dµkphys e
−Skinst =
g8k
2
Nk
2
e−8π
2k/g2+ikθ
227k2/2−k/2 π13k2 Vol(U(k))
∫
dk
2
W 0 d4k
2
a′ d6k
2
χ
∏
A=1,2,3,4
d2k
2M′A d2k2ζA
× (det2kW det4kqχ)−2k exp
[− NSk (β)eff + 4πig−1√N trk(χABΛ˜A∗B)]
(6.10)
The constant in front of the integral is written in the large-N limit. In the exponent in the last
line of (6.10) we have grouped all of the order-N terms into the quantity NS
k (β)
eff . The quantity
S
k (β)
eff is the sum of the three terms relevant for the large-N saddle point approach mentioned
above plus a constant piece
S
k (β)
eff := −tr2k logW − tr4k log qχ + ǫABCD trk (χAB LχCD) − 2k (1 + 3 log 2) (6.11)
This expression involves the 11k2 bosonic variables comprising the eleven independent k × k
Hermitian matrices W 0, a′n and χa. As mentioned earlier, the remaining components W
c,
c = 1, 2, 3, are eliminated in favor of the a′n via the ADHM constraint. The action is also
invariant under the U(k) symmetry which acts by adjoint action on all the variables.
We can apply the large-N saddle-point formalism to the integral in (6.10), but before doing
so we want to slightly simplify S
k (0)
eff with respect to its βR-dependence. Specifically, we consider
the tr4k log qχ term in S
k (β)
eff and split the U(k) variables χij into the sum of the U(1) variables
χ⋆δij and the SU(k) degrees of freedom χˆij
χAiBj = χ
⋆
ABδij + χˆAiBj , trk χˆAB = 0 (6.12)
We then expand the tr4k log qχ as follows
S
k (β)
eff ∈ N tr4k log qχ = Nk tr4 log qχ⋆ + N tr4k log
(
1 + (qχ⋆)−1(qχˆ)
)
(6.13)
and further re-write it as
Nk tr4(log qχ
⋆ − logχ⋆) + N tr4k log
(
χ⋆ + χ⋆(qχ⋆)−1(qχˆ)
)
(6.14)
We can now take the small-βR limit (accompanied by the large-N limit). The first term on the
right hand side in (6.14) is equal to k times the single instanton result derived in the previous
11Note, that qχ is a shorthand for qABχAB which is a product of matrix elements and not the product of two
matrices.
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Section, which is k times Nβ2
R
4π4Q. Hence, for this term, the relevant contribution comes at
the order-Nβ2R in the N →∞, βR → 0 limit.
However, a careful fluctuations analysis along the lines of [8], shows that in the second
term in (6.14) the dominant contribution comes at the order N(βR)
0 ∼ N . This makes all
higher-order terms in βR suppressed in the limit. Thus we set q = 1 in the second term which
then reads:
N tr4k log (χ
⋆ + χˆ) = N tr4k logχ (6.15)
In summary, we express
NS
k (β)
eff = −Nk tr4(log qχ⋆ − logχ⋆) + Sk (0)eff (6.16)
where S
k (0)
eff is given by (6.11) with the substitution β = 0 or equivalently q = 1. The first term
in (6.16) is combined with the k-instanton action 8π2k/g2 + ikθ in exactly the same way as in
Eqs. (5.15), (5.26) in the previous Section. This amounts to promoting the Yang-Mills multi-
instanton gauge action to the appropriate τ -dependence required in the supergravity effective
action
exp
[
−8π
2k
g2
+ ikθ − Nkβ2R 4π2Q
]
= e−2πkτ02G
−1/2+2πkτ1 = e2πikτ (6.17)
What remains is S
k (0)
eff , which does not depend on the deformation parameter, it is the same
as in the N = 4 SYM theory and is amendable to the large-N saddle-point treatment. The
saddle-point approach has been set up and the integrations around the saddle-point solution
have been carried out in [8]. Here we will only give a brief summary of the result. It turns out
that the dominant contribution to the integral comes from the maximally degenerate saddle-
point solution:
W 0 = 2ρ2 1[k]×[k], χa = ρ
−1Ωˆa 1[k]×[k], a
′
n = −xn 1[k]×[k] , (6.18)
which corresponds to k coincident Yang-Mills instantons of the same scale-size ρ which live in
the mutually commuting SU(2) subgroups of the SU(N). In the supergravity interpretation
this saddle-point corresponds to a configuration living at a common point {xn, Ωˆa, ρ} in the
deformed AdS5 × S˜5. This is a point-like object – the D-instanton of charge k.
Around the special solution, the bosonic fluctuations fall into three sets. First, there are
10 zero modes which correspond to the position of the k-instanton “bound state” in AdS5× S˜5.
These are exactly the same as in the 1-instanton case. Second, there are k2 fluctuations called ϕ
which have a nonzero quadratic coefficient in the small-fluctuations expansion. The remaining
10k2−10 fluctuations first appear beyond quadratic order and they correspond to the traceless
i.e. SU(k) parts χˆAB, and aˆ
′
m of the ten k × k matrices χAB and a′m. Since fluctuations over ϕ
are Gaussian, they can be straightforwardly integrated out.
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To complete the expansion, we include the fermion terms in the exponent of (6.10). The
second term in the exponent involves fermionic degrees of freedom appearing in Λ˜A∗B. Here
we again are interested in the leading order non-vanishing contributions in the βR → 0 limit.
This amounts to dropping the star product Λ˜A∗B → Λ˜AB. The resulting fermion terms in the
exponent involve the traceless parts ζˆ α˙A and Mˆ′Aα coupled to aˆ′m and χˆAB.
Remarkably, in the large-N limit, the leading-order terms of the effective action around
the saddle-point solution, with the quadratic fluctuations ϕ integrated out, precisely assemble
themselves into the dimensional reduction from ten to zero of N = 1 supersymmetric Yang-
Mills with gauge group SU(k) in flat space. The SU(k) adjoint-valued ten-dimensional gauge
field and Majorana-Weyl fermion are defined in terms of the fluctuations:
Aµ = N
1/4
(
ρ−1aˆ′m, ρχˆ
a
)
, Ψ =
( π
2g
)1/2
N1/8
(
ρ−1/2Mˆ′Aα , ρ1/2ζˆ α˙A
)
. (6.19)
The action for the dimensionally reduced gauge theory is
S(Aµ,Ψ) = −1
2
trk [Aµ, Aν ]
2 + trk
(
Ψ¯Γµ [Aµ,Ψ]
)
. (6.20)
We conclude that the effective gauge-invariant measure for k instantons in the large-N
limit factorizes into a 1-instanton-like piece, for the position of the bound state in AdS5 × S5
and the 16 supersymmetric and superconformal modes, times the partition function Zk of the
dimensionally-reduced N = 1 supersymmetric SU(k) gauge theory in flat space:
∫
dµkphys e
−Skinst =
√
Ng8
k3217k2/2−k/2+25 π9k2/2+9
×
∫
dρ
ρ5
d4x dΩ5
∏
A=1,2,3,4
d2ξAd2η¯A e−8π
2k/g2 Zˆk ,
(6.21)
where Zˆk is the partition function of an N = 1 supersymmetric SU(k) gauge theory in ten
dimensions dimensionally reduced to zero dimensions:
Zˆk = 1
VolSU(k)
∫
SU(k)
d10Ad16Ψ e−S(Aµ,Ψ) . (6.22)
Notice that the rest of the measure, up to numerical factors, is independent of the instan-
ton number k. When integrating expressions which are independent of the SU(k) degrees-of-
freedom, Zˆk is simply an overall constant factor. A calculation of Ref. [46,47] revealed that Zˆk
is proportional to
∑
d|k d
−2, a sum over the positive integer divisors d of k. In our notation we
have [8, 46, 47]:
Zˆk = 217k2/2−k/2−8π9k2/2−9/2k−1/2
∑
d|k
1
d2
. (6.23)
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In summary, on gauge invariant and SU(k) singlet operators, our effective large-N collective
coordinate measure has the following simple form:∫
dµkphys e
−Skinst =
√
Ng2
233π27/2
k
g2
−7/2∑
d|k
1
d2
∫
d4x dρ
ρ5
d5Ωˆ
∏
A=1,2,3,4
d2ξAd2η¯Ae2πikτ . (6.24)
We can already identify a number of key features of the k-instanton measure which are im-
portant for the comparison with the supergravity results (2.14)-(2.18). First, the factor of
(k/g2)−7/2 in the measure maps nicely to the factor in (k/g2)n−7/2 for n = 0 on the right hand
side of (2.18). Second, we recognize the inverse divisors squared contributions
∑
d|k
1
d2
in (6.24)
and (2.18). The matching of e2πikτ factors has been mentioned earlier and it is one of our main
results. The factor of
√
Ng2 in (6.24) gives rise to (α′)−1 in (2.14), and the volume element
of the AdS5 is represented via d
4x dρ /ρ5 in (6.24). Finally, the integration over d5Ωˆ gives rise
to the volume factor of the 5-sphere. However, as we have already explained earlier, in our
semi-classical limit we cannot distinguish between the deformed and the undeformed spheres
in the pre-exponent. The deformation is, however, manifest in the exponential factor e2πikτ .
7. Correlation functions
Finally, we can use our measure to calculate the correlation functions Gn(x1, . . . , xn) listed
in (2.19a)-(2.19d). This entails inserting into Eq. (6.24) the appropriate product of gauge-
invariant composite chiral operators O1(x1)×· · ·×On(xn), which together contain the requisite
16 exact fermion modes to saturate the 16 Grassmann integrations12 in (6.24). Since, at leading
order in N , the k instantons sit at the same point in AdS5 × S˜5, it follows that O(k)j is simply
proportional to its single-instanton counterpart: O(k)j = kO(1)j . Therefore Gn scales like (k/g2)n.
This promotes the factor in the partition function to the full value required to match with (2.18)(
k
g2
)−7/2
−→
(
k
g2
)n−7/2
(7.1)
and, as before, factors of G in the pre-exponent in (2.18) cannot be tested in our limit.
Furthermore, it was shown in [5, 8] that the instanton contributions to the operators O
precisely match the functional form of the bulk-to-boundary propagators in (2.20). We thus
conclude that our Yang-Mills multi-instanton results for the correlators Gn which follow from
Eq. (6.24) completely reconstruct the supergravity expressions Eqs. (2.14)-(2.18),(2.20).
As the final comment we recall that the matching between the supergravity and the SYM
results holds in the opposite limits. The SYM expression is derived in the weak coupling limit
12We also refer the reader to the earlier discussion following Eq. (5.3) and to footnote 9.
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g2N → 0, N → ∞ while the supergravity is a good approximation to string theory in the
strong coupling limit g2N → ∞, N → ∞. This use of different limits on the two sides of the
AdS/CFT correspondence is, of course, the consequence of the strong-to-weak coupling nature
of the AdS/CFT. Nevertheless, even though the two sets of limits are mutually exclusive, we
have shown that the leading order results in the SYM and in supergravity agree with each
other. This agreement between the strong and the weak coupling limits holds in the instanton
case (as it did hold in the original N = 4 settings in [5–8]), but it is not expected to hold
in perturbation theory. At present no non-renormalization theorem is known which would
apply to these instanton effects and explain the agreement. However the fact that there is an
agreement between the results on the two sides of the correspondence must imply a non-trivial
consistency of the AdS/CFT. We refer the reader to Refs. [8,48] for a more detailed discussion
on this point.
8. Complex β deformations
We now consider the more general case of marginal deformations with complex values of the
deformation parameters. We will first explain how to extend the instanton calculation on the
gauge theory side from real to complex β-deformations. We will carry out this calculation
for arbitrary (not necessarily small) values of the deformation parameter β ∈ C. We will
also encounter an interesting finite renormalization of the gauge coupling τ0 which has been
predicted in [19]. One of the main results is the instanton prediction for the dilaton-axion field
τ . We will show that in the limit of small β it will match precisely with the τ field of the
Lunin-Maldacena supergravity dual [1]. The small-β limit is required [1] to ensure the validity
of the supergravity approximation to full string theory. At the same time, the SYM instanton
calculation is valid for any finite values of complex β and (as always) it is valid to the leading
order at weak coupling g2 ≪ 1, and the large-N limit.
The gauge theory description follows from the superpotential
ihTr(eiπβΦ1Φ2Φ3 − e−iπβΦ1Φ3Φ2) , (8.1)
where h and β are two complex parameters, and we will also use β,
β = βR + i βIm (8.2)
Leigh and Strassler [18] have made an important observation that the superpotential (8.1) gives
an exactly marginal deformation of the N = 4 SYM theory if the three complex parameters,
τ0, h and β satisfy a single constraint, γ(τ0, h, β) = 0. We have already mentioned that for real
values of β this constraint can be solved exactly in the large-N limit, and amounts to h = g
with β = βR and arbitrary. For complex deformations, the exact form of the function γ in the
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conformal constraint is not known. In principle, one can solve the constraint in perturbation
theory. To the leading order in g2 ≪ 1 and N ≪ 1 it gives
|h|2 cosh(2πβIm) = g2 (8.3)
see e.g. [13,15,16]. It will turn out, however, that for our calculation we will not need to know
the explicit resolution of the constraint.
As before, in writing down classical equations we always rescale all fields with an overall
factor of 1/g, so that the action goes as 1/g2. The instanton configuration at the leading order
in weak coupling is defined by equations (4.1)-(4.3), with the scalar field equation (4.3) being
slightly modified as
D2ΦAB = h
g
√
2 i ( eiπβ
AB
λAλB − e−iπβAB λBλA ) forA,B 6= 4 , (8.4)
D2ΦAB = √2 i ( λAλB − λBλA ) forA orB = 4 (8.5)
The factor of h/g on the right hand side of (8.4) accounts for the change of the coupling
constant from g in (1.2) to h in (8.1). Deformation parameters h and β are complex and
βAB = βR
AB + iβABIm .
We note that the resulting instanton configuration depends on h holomorphically, i.e. it
does not depend on h∗. At leading order in g the dependence on h∗ can come only through
the equation conjugate to (8.4), which involves anti-fermion zero modes λ¯ on the right hand
side. These are vanishing in the instanton background. It is clear then that the anti-instanton
configuration, will depend on h∗ and not on h.
Equations (8.4)-(8.5) imply that the fermion quadrilinear term (4.9) in the instanton action
acquires an additional factor of h/g
Skquad =
π2
g2
h
g
ǫABCD trk
(
ΛAB L
−1ΛCD
)
(8.6)
where ΛAB is given by (cf. (4.10))
ΛAB =
1
2
√
2
(
eiπβ
AB M¯AMB − e−iπβAB M¯BMA) (8.7)
Following the approach of Section 5 we now concentrate on the 1-instanton sector and
bilinearize the quadrilinear term (8.6) by introducing collective coordinates χAB. We then can
integrate out fermionic collective coordinates νAi and ν¯
A
i . For each value of i = 1, . . . , N − 2
this integration gives a factor of the determinant (5.4) times an appropriate rescaling by h/g.
The rule (8.6) is that there is one power of h/g for each factor of 1/g2 In total we have(
1
g
)4
det4
(
eiπβ
AB
χAB
)
−→
(
1
g
)4 (
h
g
)2
det4
(
eiπβ
AB
χAB
)
. (8.8)
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This determinant can be evaluated as in Eq. (5.8). The resulting characteristic instanton factor
is
F = e− 8pi
2
g2
+iθ
[(
h
g
)2 (
1 − 4Q sin2(πβ))
]N−2
(8.9)
where β and h are complex parameters and the function Q is the same as in (5.9). In the
large-N limit we can write
F = exp
[
2πiτ0 + 2N log
(
h
g
)
+ N log
(
1 − 4Q sin2(πβ))] (8.10)
Dorey, Hollowood and Kumar [19] have argued that the certain combinations of parameters
in the β-deformed gauge theory must transform as modular forms under the action of SL(2, Z)s.
More precisely, [19]
τr −→ aτr + b
cτr + d
, β −→ β
cτr + d
, (h/g)2 sin(πβ) −→ (h/g)
2 sin(πβ)
cτr + d
. (8.11)
Here the parameter τr is obtained from the complexified gauge coupling τ0 = 4πi/g
2 + θ/(2π)
by a finite shift (or renormalization),
τr := τ0 − iN
π
log
h
g
. (8.12)
It is pleasing to note that the first two terms on the right hand side of our instanton prediction
(8.10) assemble precisely into 2πiτr,
F = exp [2πiτr + N log (1 − 4Q sin2(πβ))] (8.13)
If we now take the small deformation limit, βR ≪ 1, βIm ≪ 1, appropriate for comparison with
the Lunin-Maldacena solution, we find13
F = exp [2πiτr − 4π2NQ (β2R − β2Im + 2iβRβIm)] (8.14)
To compare the SYM instanton prediction of Eq. (8.13) or Eq. (8.14) to the supergravity
contribution , F = e2πiτ , we need the expressions for the dilaton φ and the axion C fields in the
Lunin-Maldacena background [1] for complex β. The Lunin-Maldacena supergravity solution
is given in terms of fields which depend on the filed theory parameters β and τr. Here it is
important to stress that that these parameters must be those which transform as modular forms
13We would like to stress that even in the small deformation limit, the difference between the parameters τr
and τ0 is significant. This difference is given by the second term on the right hand side of Eq. (8.10). In the
weak-coupling limit one can resolve the conformal constraint and approximate this term via 2N log (h/g) ∼
−N log (cosh(2πβIm)) ∼ − 2π2Nβ2Im. This contribution is not small in the large-N limit.
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under the SL(2, Z)s in (8.11). Hence the supergravity dual depends on τr rather than on τ0.
It is convenient to represent the shifted coupling τr of Eq. (8.12) as
τr =
4πi
g2r
+
θr
2π
= ie−φ0 + C0 (8.15)
The last equality defines the parameters e−φ0 and C0 appearing in the supergravity solution.
They should be distinguished from the imaginary and real parts of the original complexified
gauge coupling
τ0 =
4πi
g2
+
θ
2π
. (8.16)
The dilaton and axion field components of the Lunin-Maldacena supergravity dual [1] are
given by
eφ = eφ0 G1/2H , C = C0 − γˆκˆ e−φ0 H−1Q , (8.17)
G−1 = 1 + (γˆ2 + κˆ2)Q , H = 1 + κˆ2Q , (8.18)
where the function Q is the same as previously and, similarly to the real case, we have defined
γˆ := βR gr
√
N , κˆ := βIm gr
√
N . (8.19)
We now compare the characteristic exponential factor (8.14) arising from the Yang-Mill
instanton, to the exponential e2πiτ expected in the modular form terms in the IIB effective
action in the Lunin-Maldacena background. We have
e2πiτ = e2πi(ie
−φ+C) = exp
[−2πe−φ0 [1 + 1
2
(γˆ2 − κˆ2)Q] + 2πi(C0 − e−φ0 γˆκˆQ)] (8.20)
In the second equality we have used the expressions for the dilaton and the axion fields of the
β-deformed background in the weak-coupling large-N small-β limit, i.e. in the expansion in
terms of κˆ and γˆ we ignore terms of order cubic or higher. By employing the relations (8.19)
for the hatted parameters, we arrive at
e2πiτ = exp
[
−8π
2
g2r
+ iθr − 4π2NQ (β2R − β2Im) − i 8π2NQβRβIm
]
, (8.21)
By comparing the last equation to (8.14) it is immediate to see that
F = e2πiτ . (8.22)
This provides a detailed and a non-trivial test of both, the Lunin-Maldacena supergravity
solution for complex β-deformations, and the expected structure of the string theory effective
action.
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Appendix A: D-instanton partition function
In this Appendix we show construct the D-instanton partition function in the β-deformed
string theory and show that it reproduces the corresponding gauge theory result in Section 4.
In string theory, D-instanton is a point-like defect – the D(-1) brane, hence its partition
function is described in terms of a matrix model integral. The partition function of k D-
instantons on N D3-branes in the type IIB theory was previously constructed in Ref. [8]. Here
we will generalize this construction to include the β-deformation effects on the string theory
side.
Following Ref. [8] we first consider the kD(-1) branes in interacting with the ND3 branes in
the standard type IIB string theory. This description accounts for the D-instanton effects in the
undeformed AdS5×S5 background dual to the N = 4 Yang-Mills. ¿From the perspective of the
kD(-1) world-volume, the kD(-1)/ND3 brane system is described by the partition function [8],
Zk,N =
∫
dµk,N e
−Sk,N . (A.1)
Here the D-instanton integration measure dµk,N and action Sk,N are over the D-instanton
collective coordinates, and the D-3 brane degrees of freedom are turned off. This is a 0 + 0-
dimensional matrix model which can be obtained by the dimensional reduction from the U(k)×
U(N) gauge theory describing kDp branes and ND(p+4) branes.14 The kDp/ND(p+4) brane
system can live in the maximal dimension p = 5 which corresponds to the 6-dimensional gauge
theory on the world-volume of the D5-branes. Then the cases 5 ≥ p ≥ −1 follow by dimensional
reduction. The D-instanton partition function corresponds to the minimal case of p = −1. For
14From the instanton perspective, and in the α′ → 0 limit, the overall U(1) factor in the U(N) gauge group
is irrelevant. Hence for the purposes of this paper we will not distinguish between the U(k) × U(N) and
U(k) × SU(N) cases. However, the U(1) factor in the U(k) groups is physically significant, it describes the
centre of mass degrees of freedom of the k-instanton which are important.
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Component Description U(k) U(N)
χ1...6 Gauge Field k × k 1
λα˙ Gaugino k × k 1
D1...3 Auxiliary Field k × k 1
a′αα˙ Scalar Field k × k 1
M′α˙ Fermion Field k × k 1
Table 1: Components of the (1, 1) vector multiplet in d = 6. They describe k D5 branes in isolation.
Component Description U(k) U(N)
wα˙ Scalar Field k N
µ Fermion Field k N
w¯α˙ Scalar Field k¯ N¯
µ¯ Fermion Field k¯ N¯
Table 2: Components of bi-fundamental hypermultiplets in d = 6. They describe interactions between
k D5 and N D9 branes.
practical calculations it is most convenient to start with the maximal case p = 5 to specify the
field content of the model, and then reduce to zero dimensions, p = −1.
The content of the kD5/ND9 system is described by the (1, 1) vector multiplet and two
bi-fundamental hypermultiplets in the 6-dimensional world-volume of kD5 branes. The vector
multiplet transforms in the adjoint representation of the U(k) gauge group and represents the
open-string degrees of freedom of the kD5 branes in isolation. On the other hand, the U(k)×
U(N) bi-fundamental hyper-multiplets incorporate the modes of the open strings stretched
between the k branes and the N branes (two species of hypermultiplets correspond to two
orientations of the open strings). Thus the hypermultiplets describe the interactions between
D-instantons and the spectator branes. The component fields of the vector multiplet are listed
in the Table 1, and the hypermultiplet fields are listed in Table 2.
The D-instanton integration measure is uniquely determined by the action of this U(k)
theory with hypermultiplets. Dimensionally reducing from d = 6 to 0 dimensions one finds [8]
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the partition function:
Zk,N =
g44
VolU(k)
∫
d4k
2
a′ d8k
2M′ d6k2χ d8k2λ d3k2Dd2kNw d2kN w¯ d4kNµ d4kN µ¯ exp[−Sk,N ]
(A.2)
where Sk,N = g
−2
0 SG + SK + SD and
SG = trk
(− [χa, χb]2 +√2iπλα˙A[χ†AB, λα˙B] + 2DcDc) , (A.3a)
SK = −trk
(
[χa, a
′
n]
2 + χaw¯
α˙
uwuα˙χa +
√
2iπM′αA[χAB,M′Bα ] + 2
√
2iπµ¯AuχABµ
B
u
)
, (A.3b)
SD = iπtrk
(
[a′αα˙,M′αA]λα˙A + µ¯Auwuα˙λα˙A + w¯uα˙µAuλα˙A + π−1Dc(τ c)β˙α˙(w¯α˙wβ˙ + a¯′α˙αa′αβ˙)
)
. (A.3c)
Equations above define the kD-instanton measure in string theory in the flat background
and in presence of the ND-3 branes. We now want to β-deform this background. Lunin and
Maldacena have argued in [1] that the open string field theory in the β-deformed background
is obtained from the theory on the undeformed background precisely by changing the star-
product between the fields carrying the relevant U(1) charges. In our case, this implies that
the star product should be used instead of ordinary products for all fields transforming under
the SO(6) = U(4) R-symmetry. This requires star products in expressions involving χ, λ
and D fields in the equations (A.3a)-(A.3c) above. We also recall that the star product is
trivial between the fields of opposite charges and hence can be dropped in the terms which are
quadratic in charged fields. This amounts to the following equations for the action terms in
(A.2) in the β-deformed background:
SβG = trk
(− [χa, χb]∗[χa, χb]∗ +√2iπλα˙A ∗ [χ†AB, λα˙B]∗ + 2DcDc) , (A.4a)
SβK = −trk
(
[χa, a
′
n]
2 + χaw¯
α˙
uwuα˙χa +
√
2iπM′αA ∗ [χAB,M′Bα ]∗ + 2
√
2iπµ¯Au ∗ χAB ∗ µBu
)
,
(A.4b)
SβD = iπtrk
(
[a′αα˙,M′αA]λα˙A + µ¯Auwuα˙λα˙A + w¯uα˙µAuλα˙A + π−1Dc(τ c)β˙α˙(w¯α˙wβ˙ + a¯′α˙αa′αβ˙)
)
= SD
(A.4c)
The D-instanton partition function Zk,N depends explicitly on the inverse string tension α
′
through the zero-dimensional coupling g20 ∝ (α′)−2 which appears in g−20 SβG which comes from
the dimensional reduction of the d = 6 gauge action. In the field theory limit the fundamental
string scale is set to zero, α′ = 0, to decouple the world-volume gauge theory from gravity. Thus,
as explained in [8], to derive the ADHM-instanton measure in conventional supersymmetric
gauge theory one must take the limit α′ → 0. In this limit g20 →∞ equations of motion for Dc
are precisely the non-linear ADHM constraints, first equation in (4.5). Similarly equations of
motion for λ are the fermionic ADHM constraints in (4.5). Integration over Dc and λα˙A yields
δ-functions which impose the constraints.
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We can now make contact with our result (4.15) for the instanton partition function in
gauge theory derived in Section 4. First, we integrate out the Dc and λα˙A variables, thus getting
the δ-functions of the ADHM constraints, precisely as in (4.15). Second, we rewrite SβK as,
SβK = trk χaLχa − 4πi trk χAB ΛA∗B . (A.5)
This is equal to (minus) the exponent appearing in equation (4.12). On integrating out the
gauge field χa, the instanton action reduces to the fermion quadrilinear term (4.9). We have
therefore reproduced our result for the ADHM measure in the β-deformed gauge theory, up
to an overall normalization constant. This is completely analogous to the matching between
D- and gauge-instanton partition functions discovered in [8] – the only novelty in the present
case is the appearance of the star products on both sides of the correspondence. What this
matching really tests in the β-deformed theory is the validity of the prescription for introducing
β-deformations in the open-string theory conjectured by Lunin and Maldacena and which we
have used to derive the results (A.4a)-(A.4c) above.
References
[1] O. Lunin and J. Maldacena, “Deforming field theories with U(1) x U(1) global symmetry and
their gravity duals,” JHEP 0505 (2005) 033 hep-th/0502086.
[2] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv.
Theor. Math. Phys. 2 (1998) 231 [Int. J. Theor. Phys. 38 (1999) 1113] hep-th/9711200.
[3] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “Gauge theory correlators from non-critical
string theory,” Phys. Lett. B 428 (1998) 105 hep-th/9802109.
[4] E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math. Phys. 2 (1998) 253 hep-
th/9802150.
[5] M. Bianchi, M. B. Green, S. Kovacs and G. Rossi, “Instantons in supersymmetric Yang-Mills and
D-instantons in IIB superstring theory,” JHEP 9808 (1998) 013 hep-th/9807033.
[6] N. Dorey, V. V. Khoze, M. P. Mattis and S. Vandoren, “Yang-Mills instantons in the large-N
limit and the AdS/CFT correspondence,” Phys. Lett. B 442 (1998) 145 hep-th/9808157.
[7] N. Dorey, T. J. Hollowood, V. V. Khoze, M. P. Mattis and S. Vandoren, “Multi-instantons and
Maldacena’s conjecture,” JHEP 9906 (1999) 023 hep-th/9810243.
[8] N. Dorey, T. J. Hollowood, V. V. Khoze, M. P. Mattis and S. Vandoren, “Multi-instanton calculus
and the AdS/CFT correspondence in N = 4 superconformal field theory,” Nucl. Phys. B 552
(1999) 88 hep-th/9901128.
[9] T. Banks and M. B. Green, “Non-perturbative effects in AdS(5) x S5 string theory and d = 4
SUSY Yang-Mills,” JHEP 9805 (1998) 002 hep-th/9804170.
33
[10] M. B. Green, “Interconnections between type II superstrings, M theory and N = 4 Yang-Mills,”
hep-th/9903124.
[11] N. Dorey, T. J. Hollowood, V. V. Khoze and M. P. Mattis, “The calculus of many instantons,”
Phys. Rept. 371 (2002) 231 hep-th/0206063.
[12] M. B. Green and S. Kovacs, “Instanton-induced Yang-Mills correlation functions at large N and
their AdS(5) x S**5 duals,” JHEP 0304 (2003) 058 hep-th/0212332.
[13] D. Z. Freedman and U. Gursoy, “Comments on the beta-deformed N = 4 SYM theory,” JHEP
0511 (2005) 042 hep-th/0506128.
[14] S. Penati, A. Santambrogio and D. Zanon, “Two-point correlators in the beta-deformed N = 4
SYM at the next-to-leading order,” JHEP 0510 (2005) 023 hep-th/0506150.
[15] A. Mauri, S. Penati, A. Santambrogio and D. Zanon, “Exact results in planar N = 1 supercon-
formal Yang-Mills theory,” JHEP 0511 (2005) 024 hep-th/0507282.
[16] V. V. Khoze, “Amplitudes in the beta-deformed conformal Yang-Mills,” JHEP 0602 (2006) 040
hep-th/0512194.
[17] Z. Bern, L. J. Dixon and V. A. Smirnov, “Iteration of planar amplitudes in maximally super-
symmetric Yang-Mills theory at three loops and beyond,” Phys. Rev. D 72 (2005) 085001 hep-
th/0505205.
[18] R. G. Leigh and M. J. Strassler, “Exactly marginal operators and duality in four-dimensional
N=1 supersymmetric gauge theory,” Nucl. Phys. B 447, 95 (1995) hep-th/9503121.
[19] N. Dorey, T. J. Hollowood and S. P. Kumar, “S-duality of the Leigh-Strassler deformation via
matrix models,” JHEP 0212 (2002) 003 hep-th/0210239.
[20] D. Berenstein and R. G. Leigh, “Discrete torsion, AdS/CFT and duality,” JHEP 0001 (2000)
038 hep-th/0001055.
[21] D. Berenstein, V. Jejjala and R. G. Leigh, “Marginal and relevant deformations of N = 4 field
theories and non-commutative moduli spaces of vacua,” Nucl. Phys. B 589 (2000) 196 hep-
th/0005087.
[22] N. Dorey, “S-duality, deconstruction and confinement for a marginal deformation of N=4 SUSY
Yang-Mills,” JHEP 0408 (2004) 043 hep-th/0310117.
[23] T. J. Hollowood and S. Prem Kumar, “An N = 1 duality cascade from a deformation of N = 4
SUSY Yang-Mills,” JHEP 0412 (2004) 034 hep-th/0407029.
[24] N. Dorey and T. J. Hollowood, “On the Coulomb branch of a marginal deformation of N = 4
SUSY Yang-Mills,” JHEP 0506 (2005) 036 hep-th/0411163.
[25] S. A. Frolov, R. Roiban and A. A. Tseytlin, “Gauge - string duality for superconformal deforma-
tions of N = 4 super Yang-Mills theory,” JHEP 0507 (2005) 045 hep-th/0503192.
34
[26] S. Frolov, “Lax pair for strings in Lunin-Maldacena background,” JHEP 0505 (2005) 069 hep-
th/0503201.
[27] N. Beisert and R. Roiban, “Beauty and the twist: The Bethe ansatz for twisted N = 4 SYM,”
JHEP 0508 (2005) 039 hep-th/0505187.
[28] S. A. Frolov, R. Roiban and A. A. Tseytlin, “Gauge-string duality for (non)supersymmetric
deformations of N = 4 super Yang-Mills theory,” Nucl. Phys. B 731 (2005) 1 hep-th/0507021.
[29] G. C. Rossi, E. Sokatchev and Y. S. Stanev, “New results in the deformed N = 4 SYM theory,”
Nucl. Phys. B 729 (2005) 581 hep-th/0507113.
[30] S. M. Kuzenko and A. A. Tseytlin, “Effective action of beta-deformed N = 4 SYM theory and
AdS/CFT,” Phys. Rev. D 72, 075005 (2005) hep-th/0508098.
[31] R. Hernandez, K. Sfetsos and D. Zoakos, “Gravity duals for the Coulomb branch of marginally
deformed N = 4 Yang-Mills,” hep-th/0510132.
[32] H. Y. S. Chen and S. Prem Kumar, “Precision test of AdS/CFT in Lunin-Maldacena background,”
hep-th/0511164.
[33] H. Y. Chen and K. Okamura, “The anatomy of gauge / string duality in Lunin-Maldacena
background,” hep-th/0601109.
[34] D. Z. Freedman, S. D. Mathur, A. Matusis and L. Rastelli, “Correlation functions in the
CFT(d)/AdS(d+ 1) correspondence,” Nucl. Phys. B 546 (1999) 96 hep-th/9804058.
[35] M. B. Green and M. Gutperle, “Effects of D-instantons,” Nucl. Phys. B 498 (1997) 195 hep-
th/9701093.
[36] M. B. Green, M. Gutperle and H. h. Kwon, “lambda**16 and related terms in M-theory on
T**2,” Phys. Lett. B 421 (1998) 149 hep-th/9710151.
[37] A. Kehagias and H. Partouche, “The exact quartic effective action for the type IIB superstring,”
Phys. Lett. B 422 (1998) 109 hep-th/9710023;
“D-instanton corrections as (p,q)-string effects and non-renormalization theorems,” Int. J. Mod.
Phys. A 13 (1998) 5075 hep-th/9712164.
[38] G. ’t Hooft, “Computation Of The Quantum Effects Due To A Four-Dimensional Pseudoparticle,”
Phys. Rev. D 14 (1976) 3432 [Erratum-ibid. D 18 (1978) 2199].
[39] M. F. Atiyah, N. J. Hitchin, V. G. Drinfeld and Y. I. Manin, “Construction Of Instantons,” Phys.
Lett. A 65 (1978) 185.
[40] E. Corrigan, D. B. Fairlie, S. Templeton and P. Goddard, “A Green’s Function For The General
Selfdual Gauge Field,” Nucl. Phys. B 140 (1978) 31.
[41] N. H. Christ, E. J. Weinberg and N. K. Stanton, “General Self-Dual Yang-Mills Solutions,” Phys.
Rev. D 18 (1978) 2013.
35
[42] N. Dorey, V. V. Khoze and M. P. Mattis, “On mass-deformed N = 4 supersymmetric Yang-Mills
theory,” Phys. Lett. B 396 (1997) 141 hep-th/9612231.
[43] N. Dorey, T. J. Hollowood, V. V. Khoze and M. P. Mattis, “Supersymmetry and the multi-
instanton measure. II: From N = 4 to N = 0,” Nucl. Phys. B 519 (1998) 470 hep-th/9709072.
[44] C. Bernard, Phys. Rev. D19 (1979) 3013.
[45] V. V. Khoze, M. P. Mattis and M. J. Slater, “The instanton hunter’s guide to supersymmetric
SU(N) gauge theory,” Nucl. Phys. B 536 (1998) 69 hep-th/9804009.
[46] G. W. Moore, N. Nekrasov and S. Shatashvili, “D-particle bound states and generalized instan-
tons,” Commun. Math. Phys. 209 (2000) 77 hep-th/9803265.
[47] W. Krauth, H. Nicolai and M. Staudacher, W. Krauth, H. Nicolai and M. Staudacher, “Monte
Carlo approach to M-theory,” Phys. Lett. B 431 (1998) 31 hep-th/9803117.
[48] R. Gopakumar and M. B. Green, “Instantons and non-renormalisation in AdS/CFT,” JHEP
9912 (1999) 015 hep-th/9908020.
36
